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Designing a quiet and efficient propeller is a demanding task because these two goals often lead to contradictory

design trends. The task becomes even more complicated when additional constraints are introduced. This paper

presents a multidisciplinary design optimization process for designing a quiet propeller under various constraints.

The acoustic model of the propeller is presented in detail, including its validation. The new process is used to design a

quiet propeller for an electric mini unmanned air vehicle. This design is subjected to power, structural, and side

constraints. The design variables include blade geometry, blade cone angle, propeller radius, number of blades, and

rotational speed. It is shown that the motor characteristics have an important influence on the optimization, and it is

therefore important to take them into account during the design process. The influences of the various parameters on

the design and propeller’s characteristics are presented and discussed in detail.

Nomenclature

a = speed of sound
CL, CD = vehicle’s lift and drag coefficients
Cli = cross-sectional design lift coefficient
c = chord
dS = surface element of a noise source
Fi = component of the aerodynamic force that

acts on the noise source
f = function
f = noise frequency
i, j, k = indices
Iin = driver’s input current
KV = motor’s speed constant equal to the inverse

of the back-electromotive-force constant
M = Mach number
M = Mach number vector
Mr = projection ofM onto rrel
Nb = number of blades
PB = power extracted from the battery
PP = propeller’s required power (equal to

motor’s output power)
pAFFTi = ith harmonic of an A-weighted pressure

wave
pFFTi = ith harmonic of a pressure wave
pref = reference pressure
�p2 = mean square average of sound pressure
�p2
A = mean square average of sound pressure (A-

weighted)
R = propeller’s radius
Ra = motor resistance
r = radial/spanwise coordinate
rrel = position vector of an observer relative to

the noise source
rrel = magnitude of rrel
r̂rel = unit vector in the direction of rrel

SPL = sound pressure level
SPLharmonic i = ith harmonic of a sound pressure level
SPLA = A-weighted sound pressure level
SPLAharmonic i = ith harmonic of an A-weighted sound

pressure level
T = thrust
T = Lighthill stress tensor
t = time
th = thickness
tC = time duration of a noise cycle
tl = loitering time
Vin = driver’s input voltage
VF = flight velocity
v = velocity vector of a noise source
x = position vector of a noise source
� = pitch angle
� = cone angle
�dBA�dB = difference between SPLharmonic i and

SPLAharmonic i

�p = perturbation of static pressure
�pij = generalized stress tensor
�pthick, �ploading = thickness and loading noise pressure

perturbations
� = Kronecker’s delta function
�S = motor system’s efficiency
�D = driver’s efficiency
�a = air density
�� = von Mises stress
� = retarded time
�0 = volume of a noise source
� = propeller’s rotational speed

I. Introduction

T ODAY, renewed attention is being focused on the first aero-
nautical propulsion device: the propeller. This is due to the

increased use of unmanned air vehicles (UAVs) [1,2], the growing
market of general aviation [2], the increasing interest in ultralight
categories or light sport air vehicles, and the growing importance of
environmental issues that have led to the development of all-electric
emissionless aircraft [2,3].

One of themost disturbing problems of propeller-driven aircraft is
their noise, which may limit the aircraft’s operation. Many airports
around the world impose strict limitations on noise level permitted
during day or night. The acoustic signature of military aircraft has a
significant effect on their detection. The importance of the noise
signature of propeller-driven air vehicles was already noticed during
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the 1960s [4] and led to the development of the YO-3A Quiet Star
that later became an acoustic research aircraft [5]. Today, with the
increased use of propeller-driven UAVs, there is a renewed interest
in reducing the noise of propellers [6].

In propeller-based propulsion systems, the main sources of noise
are the engine and the propeller. Reducing the engine noise can be
achieved by developing a suitable exhaust pipe or by using electric
motors. Many of today’s mini unmanned aerial vehicle’s use electric
motors [7–10].

Reducing the propeller’s noise requires special attention during its
design.Noise reduction can be achieved by a systematic design of the
propeller’s geometry and aerodynamic characteristics. Yet, these
same characteristics determine the performance and efficiency of the
entire propulsion system. In many cases, efficiency and noise
reduction result in contradictory design trends. This makes the
design of an efficient and quiet propeller a task that requires a
multidisciplinary design optimization (MDO) approach [11].

In many cases, the propeller is the simplest and most inexpensive
element of a propeller-based propulsion system, yet its design has
an enormous influence on the efficiency and noise level of the
entire vehicle. Furthermore, in many cases, the configuration of the
propulsion system is determined at an early stage of the design,
except for the propeller, which can be improved quite easily at later
stages of the project or even during operation. Thus, the propeller
design is an important element in the process of developing a new
quiet air vehicle or reducing the noise of an existing one.

Most of the traditional methods for propeller design are based on
the well-known work of Betz [12] from 1919. An example of
applying this method is presented in [13]. This approach is based on
optimizing the propeller’s geometry at a certain specific operating
condition (a certain combination of airspeed, altitude, and propeller
rotational speed), such that the power that is required to obtain a
certain propulsive force at these operating conditions is minimized
(or the thrust produced by a certain power is maximized). An
example of such a design is the propeller ofRutan’sVoyager (thefirst
nonstop, nonrefueled flight around the world) [14].

Betz’s method considers only the aerodynamic efficiency of the
propeller. It does not consider the propeller noise signature. Thus, for
designing a quiet propeller when usingBetz’smethod, a serial design
process is used. First, the optimal aerodynamic propeller, with a
maximum efficiency, is defined. Then this propeller is modified
to reduce its acoustic signature. Such a process has been used
extensively for designing quiet propellers [15,16]. Themain problem
of such an iterative process is that it does not ensure that the final
design will be optimal. It is also difficult to introduce additional
constraints into this serial design process, such as side or structural
constraints.

As already mentioned, the best approach for solving such a design
problem is to use MDO. MDO ensures that all the different
disciplines are addressed simultaneously. Thus, the best compromise
between contradictory goals of an efficient and a quite propeller
will be reached. This kind of approach has been already applied
to propeller designs. Ormsbee and Woan [17] presented an opti-
mization procedure of the circulation distribution along a propeller’s
blades to minimize noise signature under performance constraints
using simplified models. Succi [15] and Miller and Sullivan [18]
showed several ways to decrease a propeller’s noise while main-
taining its efficiency. Burger et al. [19] used a vortex lattice approach
and genetic algorithm to design an efficient and quiet propeller. Most
of the past investigations did not consider the characteristics of the
power plant itself (the motor). This may have a significant effect on
the efficiency of the entire propulsion system and thus on the optimal
propeller design. References [20–22] present examples of propeller
designs for specific vehicles, which represent a compromise between
aerodynamic and acoustic constraints. Most of the previous
investigations used a very limited number of design variables rather
than the full range of the parameters that are under the authority of the
designer. The design methods already presented considered the
influence of the noise level on the propeller efficiency with minor
(and sometimes no) consideration of the structural integrity of the
blades.

The paper will present a process for designing a quiet propeller
while taking into account performance and structural constraints. It
will be shown that the motor characteristics play an important role
in the design. First, the analysis tools (including aerodynamic,
structural, and acoustic models) will be described. Because noise is
the subject matter of the present paper, the acoustic model will be
described inmore detail and its validationwill be discussed. Then the
optimization procedure and design process will be presented. The
application of the method for designing a quiet propeller for an
electricUAVwill be presented in detail. The influence on the optimal
design of performance constraints, structural constraints, and
number of blades will be shown and discussed.

II. Analysis Tools

Analysis tools for propeller design include an aerodynamicmodel,
a structural model, and an acoustic model. The selection of the
appropriate model is based on the following two considerations:

1) It should be sufficiently accurate.
2) It should be efficient, because the optimization procedure

includes a very high number of iterations.
The aerodynamic model calculates the distribution of the

aerodynamic loads along the propeller blades. This data is used to
calculate the propeller’s thrust and required power. In addition,
the distribution of the aerodynamic loads is used as an input for
the structural and acoustic analyses. Consequently, an inaccurate
aerodynamic model may result in inaccuracies in the other analyses
of the propeller. In the present case, a momentum/blade-element
model is used.

For regular design conditions of propellers (axial uniformflowand
high advance ratios), the blade’s cross sections do not experience
stall and the momentum/blade-element model gives results of
high accuracy [23]. The blade-element/momentum analysis can be
extended to include the influence of rotation on the aerodynamic
behavior of cross sections after reaching stall [24]. Momentum/
blade-element models are usually much more efficient than other
models, and thus they are suitable for the present MDO analysis.

A structural analysis is essential to ensure that the propeller blades
will be able to withstand the aerodynamic and inertial loads that act
along them. Common tools for the structural analysis of blades are
finite element models [25]. Yet, finite element models require
relatively large computer resources and computing time. Thus, a
more efficient rod model using a transfer-matrix formulation will be
applied [26].

The rod structural model describes the propeller blades as a series
of straight segments located along the blade’s elastic axis, which
is not necessarily a straight line. The structural cross-sectional
properties are uniform along each segment and equal to the structural
properties of a representative cross section of that segment. The
transfer-matrix problem is solved using the boundary conditions of a
cantilevered rod (clamped root and free tip). The solution procedure
is very efficient and the results are very accurate [26].

III. Acoustic Model

A. Noise Equations

Most of the models used to calculate a propeller’s noise signature
are based on a solution of the constrained wave equation, known as
the Ffowcs-Williams/Hawkings equation [27]:
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where a is the speed of sound, �p is the perturbation in the static
pressure (relative to the undisturbed pressure), t is the observer time,
and x is the position vector of the noise source relative to a stationary
system of coordinates (with components xi). T is Lighthill stress
tensor (with components Tij), �p is the generalized stress tensor
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(with components �pij), v is the source velocity vector (with
components vi), � is Kronecker’s delta function, and f is a function
that defines the surface of the body producing the pressure wave (in
the present case, it defines the surfaces of the blades):

f�x� �
(
<0 x inside the body

0 x on the body surface

>0 x outside the body

(2)

There are three forcing terms on the right-hand side of Eq. (1):
vortex, thickness, and loading terms (from left to right) [28]. It was
shown that for thin blades with cross sections operating in subsonic
or transonic conditions, the vortex term can be neglected [29]. Thus,
the solution of the Ffowcs-Williams/Hawkings equation includes
two terms: the thickness noise �pthick and the loading noise
�ploading:

�p�x; t� ��pthick�x; t� ��ploading�x; t� (3)

The solution of the Ffowcs-Williams/Hawkings equation is
obtained after applying Green’s function [27]. This solution is then
discretized [30] and the following approximations are adopted:

1) The velocity of the noise source is subsonic.
2) The noise source is much faster than the observer.
3) The propeller’s rotational speed and the velocity of the air

vehicle do not vary with time.
The final expressions for the loading and thickness noise become

[15]

�ploading�x; t��
1
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where � indicates integration over the entire body that generates
noise, rrel is the location vector of the observer relative to the noise
source, rrel is the magnitude of rrel, r̂rel is a unit vector in the direction
of rrel,M is the Mach vector, defined as

M � v

a
(6)

Mr is the projection of M onto rrel, F is the aerodynamic loading
force acting on the element, and �0 is the volume of the blade
element.

A dot accent indicates a time derivative at the noise source system
(differentiation relative to the retarded time). If t is the time as
measured in the observer’s frame of reference, the retarded time �
indicates the time when the pressure wave left the noise source:

� � t� rrel���
a

(7)

The loading noise [Eq. (4)] is composed of two components: the
far-field and near-field loading noise. These two terms differ by the
power of rrel in the denominator. The far-field term is proportional to
1=rrel, the near-field term is proportional to 1=r2rel, and thus the last
term becomes relatively small at large distances from the noise
source.

Calculations of the noise produced by a propeller are based on
dividing the propeller’s blades into small elements (similar to the
aerodynamic blade elements). The pressure at a certain point in space

at a certain time is obtained by summing up the contributions of all
the elements according to Eqs. (4) and (5). Then the same process is
repeated for the next time step, in which the new positions of the air
vehicle and propeller blades at that time are considered. The pressure
wave is defined after repeating this process for a complete cycle (e.g.,
for a two-bladed propeller, one noise cycle is equivalent to half of a
revolution).

B. Spectral Analysis

If the pressure wave�p is known, its spectral analysis defines the
sound pressure level (SPL) and its different harmonics. The mean
square average of the sound pressure, �p2, and the resultant SPL
(given in decibels) are defined as follows:

�p 2 � 1

tC

Z
tC

0

�p2�x; t� (8)

SPL dB� 10 � log10
�p2

p2
ref

(9)

where tC is the time duration of a noise cycle. The reference pressure
for air is usually chosen as pref � 20 	 10�6 Pa.

Using fast Fourier transform (FFT), the different harmonics of the
pressure wave pFFTi and the sound pressure harmonics SPLharmonic i

are calculated:

�p 2 �
X
i

1

2
� p2

FFTi (10)

SPL harmonic i dB� 10 � log10
�
pFFTi

pref

�
2

(11)

The noise sensitivity of the human ear depends on the noise
frequency f. It is common to define sound harmonics representing
the human ear sensitivity through the A-weighted sound pressure
level SPLAharmonic i. The differences between SPLharmonic i and
SPLAharmonic i are given by the empirical function �dBA�dB�f� [31]:

SPLA harmonic i � SPLharmonic i ��dBA�dB�f� (12)

Similar to Eqs. (10) and (11), the following terms are defined:

SPLA dBA� 10 � log10
�
�p2
A

p2
ref

�
� 10 � log10

�X
i

1

2
� p2
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�

� 10 � log10
�

1

p2
ref

�
(13)

SPLA harmonic i dB� 10 � log10
�
pAFFTi
pref

�
2

(14)

Substitution of Eq. (14) into Eq. (13) results in

SPLA dBA� 10 � log10
�X

i

1

2
� 10

�SPLAharmonic i�10�log10� 1

p2
ref

��=10
�

� 10 � log10
�

1

p2
ref

�
(15)

C. Model Validation

The model validation includes comparisons of the model results
with wind-tunnel [32] and flight-test [33] results. The wind-tunnel
test included a two-bladed propeller of radius R� 1:015 m. The
pressure wave and the sound pressure level were measured at
different locations relative to the propeller.

GUR AND ROSEN 719



Table 1 presents a comparison of SPL for three runs (designated as
BC-61, BC-2, and AC-1) and three microphone locations (1, 4, and
9). The exact definitions of the test conditions and microphone
locations are given in [32]. Comparisons between calculated and
measured results exhibit good agreement. The maximum difference
does not exceed 1–2 dB. Figures 1 and 2 present two examples of the
pressure wave and harmonics.

The flight tests reported in [33] included a Twin Otter aircraft
equipped with two microphones (fore and aft). The aircraft has
two three-bladed propellers. Four representative flight conditions
(designated as cases 1–4) are considered, which are defined in [34].

Table 2 presents a comparison between SPL calculations and
flight-test measurements. The differences at the fore microphone are
1–2 dB, and at the aft microphone, the differences reach 5 dB. The
higher differences in the aft microphone are probably due to wake
influences.

Figures 3 and 4 present the SPL harmonics for two cases (1 and 4).
Similar to the results presented in Table 2, the comparison between
the fore microphone results and model calculations exhibits good
agreement, whereas in the case of the aft microphone, the agreement
deteriorates.

IV. Optimal Design of a Quiet Propeller

Any optimal design problem can be describedmathematically as a
search process for a design configuration that minimizes (or
maximizes) a specific cost function that represents the design goal.
This search process is usually carried out under certain design
constraints.

Any design process requires an a priori definition of design
variables, design constraints, and cost function. The design variables
are parameters that are determined by the designer. In the general
case of a propeller design, these variables are divided into three
categories: general design variables, blade design variables, and
cross-sectional design variables. The general design variables affect
the global configuration of the propeller system and may include the
following parameters: number of propellers, number of blades Nb,
propeller radius R, and rotational speed �. The blade design
variables are parameters defining the geometry and structure of each

blade [namely, the distribution along the blade of the following
parameters: pitch angle��r�, chord c�r�, sweep angle, dihedral angle
(cone angle in the simplest case), mass and inertia, and structural
properties].

The blade’s cross-sectional design variables define the cross-
sectional airfoil geometry as a function of a chordwise coordinate. In
the following examples, the cross sections will belong to the NACA-
16 airfoil family [35]; thus, the geometry of each cross section is
defined by two parameters that vary along the blade: thickness ratio
th=c�r� and design lift coefficient Cli�r�.

The design constraints may include any kind of constraint: for
example, minimum or maximum chord size, allowable maximum
stress, etc.

The cost function is a quantitativemeasure of achieving the design
goal: namely, the cost function presents a measure of the quality of
the design.

A penalty method is used to solve the constrained optimization
problem [36]. A new constrained cost function is defined and
minimized to find the optimal design, subject to the constraints.

A. Optimization Scheme

The optimization scheme used here includes a mixed-strategy
approach combining three different optimization methods:

1) A heuristic search uses a simple genetic algorithm (SGA) [37].
2) An enumerative scheme uses Nelder and Mead’s [38] simplex

scheme.
3) A derivative-based scheme uses the steepest-descent method

[36].
The SGA [37] simulates a natural selection process, similar to an

evolution process. It includes three major elements: reproduction,
crossover, and mutation. Starting from an initial random population
of designs and using a genetic scheme leads to an improved
population.

The next stage of the optimization scheme includes an enu-
merative simplex scheme [38]. This scheme is capable of dealing
efficiently with a large number of design variables, including
smoothing constraints of the distributions of variables along the
blade.

Table 1 SPL (in decibels) as obtained by calculations and measured in the wind tunnel [32]

Run BC-61 Run BC-2 Run AC-1
Calculations Test Calculations Test Calculations Test Microphone location

116.6 119.5 103.3 102.5 102.3 101.1 1
131.2 129.6 111.8 109.1 110.3 108.1 4
129.7 128.6 110.4 108.7 108.9 105.9 9
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A derivative-based method is used only during the final stage of
the entire search, to pinpoint the final design. Derivative-based
methods are extensively used [36] and are very efficient in unimodal
cases (in which the cost function has only one minimum) or in the
neighborhood of the global minimum.

The use of amixed-scheme strategy for optimization (startingwith
SGA, then using the simplex method, and, finally, applying the
steepest-descent method) exploits the various advantages of each
scheme [39], as indicated by Table 3. It ensures a thorough search for
the global minimum. A detailed description of this strategy and an
example of its use are presented in [40].

B. Design Process

The first stage of the design process includes definitions of the cost
function (design goal), design variables, and constraints. In cases of
complex problems, it is often recommended to start with a simpler
problem that includes a simpler cost function and a reduced number
of design variables or constraints. This simpler problem helps to
better understand the actual problem and to investigate the optimal
design trends. It can also be used as an initial design point for the
more complex problem.

The design usually starts with a SGA. This scheme does not
depend on a specific initial design and is capable of searching
through a very wide range of designs to find the global minimum.
One of the weaknesses of this scheme is the serrated nature of
the distributions of the various design variables along the blade.
These distributions are often impractical and should be smoothed.
Smoothing can be imposed as a constraint on the absolute magnitude
of the second derivative of the variable with respect to the spanwise
coordinate. Yet, the SGA scheme becomes inefficient as the number
of constraints is increased. Thus, smoothing constraints are usually
added only during the second stage of the optimization, which
includes the simplex scheme. The smoothing constraints should be
imposed in a gradual manner; otherwise, difficulties in convergence
are encountered.

At the end of the simplex scheme’s application, the design is
usually very close to itsfinal form. Inmost cases, the steepest-descent
scheme results in only small changes of the cost function and its
effect is mainly to imply final smoothing.

Note that the design process should not be treated as a black box
and is by nomeans fully automatic. The designer plays amajor role in

the entire process. He or she decideswhen to switch from one scheme
to the other. He or she should follow the results during the application
of each scheme and should determine the next steps based on these
results. In certain cases, the designer may decide to return to a
previous scheme (e.g., when it seems that the solution has converged
to a local extremum) or to ease certain constraints to increase the
flexibility of the search process and thus examine a wider range of
options.

The next section will present the process of designing an optimal
propeller for an electric UAV.

V. Design of a Quiet Propeller for
an Electric Mini UAV

An electric mini UAV is considered. The total mass of the vehicle
is 5.5 kg. The wing area is 0:72 m2, and the drag polar of the vehicle
is

CD � 0:03� 0:033 � C2
L (16)

where CL and CD are the vehicle’s lift and drag coefficients,
respectively.

A direct drive is used (the system does not include a gear
box); namely, the rotational speed of the electric motor is equal to
that of the propeller, �. The parameters that define the charac-
teristics of the electric motor are [8] 1) motor speed constant
KV � 0:0045 V � s=rad,‡ 2) motor resistance Ra � 0:1 ���, and
3) driver’s efficiency �D � 0:9.

The electric system’s efficiency �S is defined as the ratio between
the propeller’s required power PP and the power that is extracted
from the battery, PB:

�s �
PP
PB

(17)

where �S is a function of the input voltage Vin, input current Iin, and
electric driver efficiency �D:

�s � �D �
PP

Vin � Iin
(18)

For a certain rotational speed � and power PP, Vin and Iin are
calculated by the following equations [8]:

Vin �� � KV �
PP � Ra
� � kV

(19)

Iin �
PP

� � KV
(20)

Themain task of theUAV is to loiter at low altitude above a certain
area; thus, the goal is to design an optimal propeller for loitering at a
speed VF � 10 m=s at sea level. The required thrust under this flight
condition, based on the preceding data, is

T � 3:5 N (21)

Because of geometric constraints, the radius of the propeller is
limited:

Table 2 SPL (in decibels) as obtained by calculations and measured during flight tests [33]

Case 4 Case 3 Case 2 Case 1
Fore Aft Fore Aft Fore Aft Fore Aft

Test 113.6 115.9 106.5 112.4 106.7 108.3 115.4 119.3
Calculations 113.4 111.0 107.6 107.2 104.9 105.0 115.2 114.1
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case 1.

‡It is also common to define instead the torque constant (also known as the
back-electromotive-force constant), which is the inverse of KV .
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R 
 0:15 m (22)

NACA-16 cross sections are used. The database for this airfoil
family is limited to the following range of thickness ratio th=c and
design lift coefficient Cli [35]:

0:04<
~t

c
< 0:21 (23)

0:0<Cli < 0:7 (24)

For practical reasons, the chord is also limited:

c < 0:052 m (25)

The design variables of the current design problem are the propeller’s
radius R; distribution of chord along the blade, c�r�; distribution of
pitch angle along the blade,��r�; distribution of thickness ratio along
the blade, th=c�r�; and distribution of design lift coefficient along the
blade, Cli�r�.

The distribution of the various parameters is defined by their
values at 17 stations along the blade; thus, there are 69 design
variables. At a later stage of this study, another design variable will
be added: the cone angle of the blades. The energy source of theUAV
is a lithium polymer battery with a mass of 2 kg and a capacity of
250 W � h. From this capacity, 150 W � h are allocated for loitering.

The goal of the propeller design is twofold: 1) maximize the
loitering time and 2) minimize the noise produced by the UAV. As
will be shown in what follows, these are contradictory goals.

To understand the design trends and the physical phenomena
behind them, the design will be carried out in a gradual manner.
Initially, two-bladed propellers will be considered and the number of
design constraints will be increased gradually to understand their
influence on the optimal design. Then the influence of the number
of blades on the optimal designs will be investigated. Although
complex configurations of the blades may offer certain advantages
[41], the present study is confined to straight blades.

A. Two-Bladed Propeller

As afirst step in studying the problem, two different propellerswill
be designed for the following two extreme goals:

1) For maximum loitering time, maximize the loitering time tl
subject to the constraints of Eqs. (21–25), without considering any
other goals or constraints. The cost function to be minimized is the
power extracted from the vehicle’s battery, PB.

2) To minimum noise at loitering, minimize the noise of the
vehicle as heard by an observer located 50 m beneath the UAV,

subject to the constraints of Eqs. (21–25), without considering any
other goals or constraints. The cost function is the SPLAproduced by
the propeller at the observer point.

The preceding described optimization process has been applied
for the design of these two propellers and the results are presented in
Table 4 and Fig. 5.

Figure 5 presents the geometry of the optimized propellers:
namely, spanwise distributions of the pitch angle �, chord c, and
cross-sectional thickness th. The design lift coefficientCli is equal (in
both cases) to its upper limit value Cli � 0:7.

The propeller for maximum loitering time (case 1) operates at a
relatively high rotational speed (�� 13; 590 rpm) and extracts
from the battery an electrical power of PB � 54 W, which means
a loitering time of t� 160 min. Its noise intensity is SPLA�
36:0 dBA.

The propeller forminimumnoise (case 2) operates at amuch lower
rotational speed (�� 2233 rpm) and results in a noise intensity of
only SPLA� 18:4 dBA, which means a significant noise reduction
of 17.6 dBA. This reduction in noise comes at a cost of a significant
reduction in the efficiency of the entire propulsion system. This
results in an increase in the power extracted from the battery
during loitering (PB � 357 W), leading to a loitering time of only
tl � 25 min. The significant reduction in the loitering time is due to
the increase in the required power by the propeller (from 46 to 54W )
and a significant decrease in the efficiency of the electric motor (from
0.81 in case 1 to 0.15 in case 2).

In both designs, the propeller gives a thrust ofT � 3:5 N. Because
of the very large decrease in the rotational speed, in the case of the
propeller for minimum noise, there is a significant increase in the
pitch angle and chord length (see Fig. 5). In fact, case 2 is impractical
and does not represent a feasible design, because the chord length
reaches its limit [Eq. (25)]. Even if design 2 were practical, the
loitering time is too short. Thus, to offer a reasonable loitering time, a
constraint of the magnitude PB will be imposed in the next
subsection.

B. Two-Bladed Propeller Under Power Constraints

In this case, the cost function remains the SPLA. In addition to the
previous constraints, the power that is extracted from the battery,PB,
is limited. Three different cases are considered: PB 
 65; 70; 75 W.

In Table 4, a summary of the design results is presented. As the
allowable PB increases, the noise decreases, but the loitering time
decreases as well. The decrease in the noise is mainly a result of the
decrease in the rotational speed,�. Unfortunately, this also results in
a decrease in the electric motor efficiency and a reduction of the
loitering time.

The geometry of the propellers is presented in Fig. 6, together with
the geometry of the minimum SPLA propeller of Fig. 5. Because all
of the propellers have to produce identical thrust, the decrease in the
rotational speed is accompanied by an increase in the pitch angle and
chord length along the blade. The increase in chord length also leads
to an increase in the thickness of the cross section.

C. Two-Bladed Propeller Under Power and Stress Constraints

From Fig. 6, it is clear that the blades are very thin, and thus they
may develop high stresses that will endanger their integrity.
Therefore, structural constraints are added in what follows. It is
assumed that the blade is made of aluminum 7075-T6. The yield
stress of this material is 5:03 	 108 Pa. The maximum von Mises
stress �� will be limited to

�� < 1:5 	 108 Pa (26)

In the current example, the stresses are calculated during loitering.
If necessary (see [40]), it is possible to calculate the stresses under
other critical flight conditions such as takeoff or maximum speed.

The influences of the stress constraints on the characteristics of
the propeller are presented in Table 4 (denoted as “with stress
constraints”). The SPLA increases by 2.9, 1.0, and 0.6 dBA for the
cases PB 
 65; 70; 75 W, respectively, as a result of introducing the
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stress constraints. The increase in the noise is mainly due to the
fact that to cope with stress constraints, the rotational speed of
the propeller is increased (by 23, 6, and 3% for the cases
PB 
 65; 70; 75 W, respectively), whereas the radius is decreased
(by 8.7, 2.0, and 1.3%, respectively). The increase in the rotational
speed increases the tensile force along the blade, which results in
(due to nonlinear effects) a decrease in the cross-sectional bending
moments along the blade (that is caused by the aerodynamic loads).
A reduction of the blades’ length (reduction of the propeller’s radius)
also results in a reduction of the cross-sectional bending moment
along each blade.

Another method of reducing the bending moment along the blade
and thus reducing the stress level is to introduce cone angles at the
blades’ attachments to the hub. The cone angle is the angle between
the blade’s axis and the plane of rotation (this plane is perpendicular to
the axis of rotation). When there is a positive cone angle, the inertial
bending moment (due to the centrifugal forces along the blade)
oppose the aerodynamic bending moment (due to the aerodynamic
forces). By choosing an appropriate cone angle, the resultant bending
moment can be minimized along the blade. In the present case, the
cone angle is added as another design variable; thus, the appropriate
angle is defined during the optimization process.

The results for the introduction of cone angles are shown at the end
of Table 4 for the same three cases: PB 
 65; 70; 75 W. It is shown
that introducing cone angles leads to a small reduction in the noise,
due to a small reduction in the rotational speed, compared with the
case of stress constraints with zero cone angle. The optimal cone
angles are small and decrease with an increase in PB.

The geometry of the optimal blades for PB 
 70 W is shown in
Fig. 7 for three cases: 1) optimal blade without considering stress
constraints (identical results also appear in Fig. 6); 2) optimal blade
when stress constraints are included, with zero cone angle; and
3) optimal blade under stress constraints, when the cone angle
becomes one of the design variables.

It is clearly shown that adding stress constraints results in a
significant increase of thickness alongmost of the blade. There is also
a reduction of the pitch angle at the outer 40% of the blade, which
contributes to the reduction of the bendingmoment at the root region.

D. Influence of the Number of Blades

One of the common methods of reducing propeller noise is to
increase the number of blades [5,15,21]. Thus, in addition to the
various optimal designs of the previous subsections that dealt with a

Table 3 Advantages and disadvantages of the various numerical optimization schemes

Heuristic scheme Enumerative scheme Gradient-based scheme

Capability of finding the global optimum Good Limited ability Poor
Pinpointing the local optimum Poor Limited ability Good
Reaching the feasible region subject to a high number of constraints Poor Good Good
Number of iterations needed for convergence High High Low
Required computer resources High Low Relatively low

Table 4 Optimal two-bladed propellers under various design goals and constraints

Design description SPLA, min tl, min PB, W PP, W �S �, rpm R, m �, deg

Maximum loitering time 36.0 160 56 46 0.81 13,600 0.150 0
Minimum noise 18.4 25 357 54 0.15 2230 0.150 0
Minimum noise, PB 
 65 W 30.7 138 65 43 0.66 7300 0.150 0
Minimum noise, PB 
 70 W 29.6 129 70 43 0.62 6470 0.150 0
Minimum noise, PB 
 75 W 28.7 120 75 43 0.58 5900 0.150 0
Minimum noise, PB 
 65 W, with stress constraints 33.6 138 65 46 0.71 8973 0.137 0
Minimum noise, PB 
 70 W, with stress constraints 30.6 129 70 44 0.63 6872 0.147 0
Minimum noise, PB 
 75 W, with stress constraints 29.3 120 75 44 0.59 6086 0.148 0
Minimum noise, PB 
 65 W, with stress constraints and cone angle 33.3 138 65 46 0.71 8799 0.146 3.3
Minimum noise, PB 
 70 W, with stress constraints and cone angle 30.5 129 70 44 0.63 6852 0.149 2.2
Minimum noise, PB 
 75 W, with stress constraints and cone angle 29.0 120 75 44 0.58 6002 0.150 1.4

Table 5 Comparison between the influence of performance constraints, structural constraints, and number of blades for

propellers for minimum noise

Design description Nb SPLA, min tl, min PB, W PP, W �S �, rpm R, m �, deg

Without performance constraints 2 18.4 25 54 357 0.15 2230 0.150 0.0
PB 
 65 W 2 30.7 138 43 65 0.66 7300 0.150 0.0
PB 
 70 W 2 29.6 129 43 70 0.62 6470 0.150 0.0
PB 
 75 W 2 28.7 120 43 75 0.58 5900 0.150 0.0
PB 
 65 W, with stress constraints and cone angle 2 33.3 138 46 65 0.71 8799 0.146 3.3
PB 
 70 W, with stress constraints and cone angle 2 30.5 129 44 70 0.63 6852 0.149 2.2
PB 
 75 W, with stress constraints and cone angle 2 29.0 120 44 75 0.58 6002 0.150 1.4
Without performance constraints 3 �1:7 17 56 535 0.10 1810 0.150 0.0
PB 
 65 W 3 21.7 138 43 65 0.66 7350 0.150 0.0
PB 
 70 W 3 19.7 129 43 70 0.62 6500 0.150 0.0
PB 
 75 W 3 18.1 120 43 75 0.58 5940 0.150 0.0
PB 
 65 W, with stress constraints and cone angle 3 27.8 138 47 65 0.73 9510 0.140 6.0
PB 
 70 W, with stress constraints and cone angle 3 21.9 129 45 70 0.64 7070 0.149 2.8
PB 
 75 W, with stress constraints and cone angle 3 19.5 120 44 75 0.59 6130 0.150 1.2
Without performance constraints 4 �22:1 15 54 608 0.09 1650 0.150 0.0
PB 
 65 W 4 13.1 138 43 65 0.66 7190 0.150 0.0
PB 
 70 W 4 9.5 129 43 70 0.62 6480 0.150 0.0
PB 
 75 W 4 7.3 120 43 75 0.58 5940 0.150 0.0
PB 
 65 W, with stress constraints and cone angle 4 24.0 138 47 65 0.73 9540 0.111 16.7
PB 
 70 W, with stress constraints and cone angle 4 13.5 129 45 70 0.65 7210 0.146 3.6
PB 
 75 W, with stress constraints and cone angle 4 9.7 120 45 75 0.60 6290 0.148 1.4
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two-bladed propeller, optimal propellers with three and four blades
were also designed. The cost function remains the propeller’s SPLA,
and the design cases include 1) a quiet propeller without power or
structural constraints; 2) a quiet propeller with three kinds of power

constraints: PB 
 65; 70; 75 W, without considering structural
constraints; and 3) the same as case 2, but with structural constraints
and cone angle as an additional design variable.

Table 5 gives the various optimal designs, and data for a two-
bladed propeller from Table 4 is also included for ease of
comparisons.

The significant effect of the number of blades on the noise level is
clear. The case without any performance or structural constraints
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(denoted as “without performance constraints” in Table 5) exhibits a
decrease of more than 20 dBA as a result of adding a blade.
Unfortunately, loitering time is also reduced significantly, from
25 min (for a two-bladed propeller) to 15 min in the case of four
blades. This decrease in loitering time is a result of an increase in the
power required by the propeller and decrease in the electric motor
efficiency.

When performance constraints are added, the SPLA decrease due
to an additional blade becomes 9, 10, and 11 dBA for PB 

65; 70; 75 W, respectively. Note that the rotational speed of the
optimal propeller depends on the magnitude of the power constraint,
but the number of blades has little influence on that speed. In all

cases, the optimization leads to the maximum allowable radius of
R� 0:15 m.

As shown in Table 5, the introduction of stress constraints has a
very significant effect on the optimal design for different numbers of
blades, in comparison with an optimal design that does not include
stress constraints. This effect depends on the magnitude of power
constraints.

Figure 8 presents the SPLA of the optimal propellers as functions
of the magnitude of the power constraint PB for various numbers of
bladesNb. It is shown that the reduction in SPLA as a result of adding
a blade increases with the allowable PB.

The geometry of a blade of the four-bladed optimal propeller with
and without stress constraints for PB 
 70 W is presented in Fig. 9.
This figure is similar to Fig. 7, which presents the same comparison
for a two-bladed propeller. The influences of the stress constraints on
the optimal design of a quiet propeller were discussed in the previous
section. In both cases (two- and four-bladed cases), the influence of
the stress constraint on the blade’s chord is small, because both
blades have to produce the same thrust. Themajor difference appears
in the thickness of the blade, which increases substantially due to the
introduction of stress constraints. Whereas the two-bladed case
exhibits an increase of about 100%, the four-bladed case increases by
more than 200%.

The thicknesses of the optimal two-bladed and four-bladed
propellers are similar, but the chord of the four-bladed propeller is
smaller than the chord of the two-bladed propeller, and thus the
thickness ratio of the four-bladed propeller is higher. This makes the
four-bladed propeller less efficient; therefore, an increase in its
rotational speed is required. In addition to the increased thickness,
to avoid high stresses as the number of blades is increased, the
following trends reduce the magnitude of the bendingmoment along
the blade (see Fig. 10):

1) The rotational speed and cone angle are increased.
2) The radius is decreased.
The preceding trends are especially strong in the case in which

PB 
 65 W. Here, the radius is reduced to 0.11m, and the cone angle
becomes 16.7 deg. Such a high cone angle is required to counteract
the bending moment due to the aerodynamic forces along the blade.

To understand the very strong influence of the number of blades on
the optimal design when PB 
 65 W, another optimum search was
performed. In this case, the optimal propeller for a minimum PB was
designed without imposing any acoustic constraints and with a zero
cone angle. The minimal PB value as a function of the number of
blades is presented in Fig. 11. It is shown that for four andfive blades,
the minimal PB is larger than 65 W. By introducing cone angles, PB
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can be decreased to 65 W, but this comes at the cost of increasing
noise (as shown in Fig. 8).

The optimized blades are very narrow (small chord) at the tip
region (see Fig. 7); in some cases, the chord gets below 1 mm.
Although these blades withstand structural constraints, such a small
chord may not be practical because of manufacturing, maintenance,
and reliability aspects. To study this problem and investigate the
influence of additional constraints on the optimal design, a side
constraint was added that does not allow chord lengths smaller than
6 mm, and few optimizations were run.

In spite of an increase of the chord length in the tip region by
almost an order of magnitude, in the cases that were investigated, the
relative changes in the propeller parameters, such as required power
or rotational speed, were of the order of 10% or less. This may imply
that the trends and results that have been presented are also applicable
for designs that include additional other constraints (see similar
results in [42]).

E. Flyover Noise

The noise in all the previous examples (SPLA) was calculated
when the UAV flies 50 m directly above the observer. Yet, in reality,

the UAV flies over the observer. Thus, the question arises if
optimization for the case in which the UAV is at the zenith point is
representative for the entire flyover case. To answer this question, the
flyover noise is studied.

Figure 12 presents the SPLA at the observer’s point during a
flyover of a UAV with a two-bladed propeller. Three optimal
propellers are considered, designed under the following three power
constraints: PB 
 65; 70; 75 W. Results for optimizations without
and with stress constraints are shown. In each case, the UAV flies at
an altitude of 50 m and the SPLA is presented as a function of the
horizontal distance (the horizontal projection of the distance between
the observer and the vehicle). As shown in the figure, when this
distance is positive, the UAV is flying toward the observer, whereas
negative distances indicate that it is flying away from the observer.

In both cases, the maximum noise is not obtained when the
UAV is at the zenith point, but later, at a horizontal distance of
15–20 m. This distance increases as the constraint becomes stricter
(namely, the allowed PB decreases). For optimal propellers without
stress constraints, the maximum SPLA represents an increase of 2.0,
1.3, and 0.9 dBA for PB 
 65; 70; 75 W, respectively, above the
noise at the zenith point. For optimal propellers in the presence of
structural constraints, the increase is 2.3, 1.3, and 1.0 dBA for
PB 
 65; 70; 75 W, respectively. In all cases, the trends at the
maximum SPLA point are identical to the trends at the zenith point.

Note that whereas the noise is higher for lower values of allowed
PB for the case of a UAV flying away from the observer, the trends
may be reversed for an approaching UAV. To further understand the
behavior, the various contributions to the resultant noise for a flyover
of two optimal propellers (PB 
 65; 70 W) for an optimal design
without stress constraints are presented in Fig. 13. It is shown that the
far-field loading noise has the largest contribution and practically
determines the resultant SPLA.Although the thickness noise is fairly
symmetrical for approaching and receding vehicles, the far-field
loading noise decreases with the horizontal distance much faster for
an approaching UAV than for a receding one. This unsymmetrical
behavior is typical for propeller noise [15,43–45]. The decreasing
rate with increasing horizontal distance of the far-field loading noise
of the recedingUAV changes only slightly as a result of changing the
allowable PB. On the other hand, the rate of decrease with horizontal
distance of the far-field loading noise of the approaching vehicle is
very sensitive to the allowable PB, and it increases as the allowable
PB decreases. This is the reason that the trends for an approaching
vehicle are reversed compared with a receding UAV. Similar trends
have been observed forflyover noise ofUAVswith optimal three and
four blades.
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VI. Conclusions

The paper presents a comprehensivemethod for the design of quiet
propellers that is based on a multidisciplinary design optimization
approach. The design of a quiet propeller usually includes a high
number of design variables (69–70 design variables in the preceding
described examples) and constraints. Thus, to cope with the
complexity of this design problem, three different optimization
schemes are used that enable the design process to reach a global
optimum. The designer is responsible for the definition of the cost
function and constraints. In addition, the designer decides on
transferring from one optimization scheme to the other.

Often, the design trends of a quiet propeller contradict the design
trends of an efficient propeller. Thus, a tradeoff is required to arrive at
a practical design. The efficiency of the propulsion system does not
depend solely on the propeller, but it is affected significantly by the
motor efficiency and the vehicle characteristics. Thus, it is important
to include the motor characteristics in the design process.

Based on the design of a quiet propeller for an electric mini UAV,
the following conclusions can be drawn:

1) For a given number of blades, the main mechanism of reducing
the propeller noise involves a reduction of the propeller’s rotational
speed.

2) Defining the propeller SPLA as the cost function without
applying additional constraints may result in an impractical design of
bladeswith a very large chord and high required power. In the present
example, the loitering time for such a design was reduced from
160 min in the case of a maximum loitering time design (without
considering any other constraints) to only 25 min for a very quiet
propeller deign (without applying any performance constraints).

3) Imposing power constraints (namely, imposing a limit of the
extracted power from the battery) increases the propeller noise
significantly (compared with a design without such constraints). In
the case of a two-bladed propeller, limiting the power to 75W results
in an increase of 10.3 dBA, and a stricter power limit of 65W results
in an increase of 12.3 dBA. This increase in noise is mainly due to the
increase in the rotational speed that leads to an improvement in the
efficiency of the propulsion system.

4) Imposing stress constraints leads to an increase in the cross-
sectional thickness and the rotational speed. Because of the increase
in the rotational speed, the SPLA is increased as well (by 1–3 dBA
for a two-bladed propeller). It has been shown that by introducing a
cone angle, the aerodynamic bending moment is reduced and the
optimal propeller’s SPLA is decreased by 0:1–0:3 dBA.

5) As the number of blades increases, the noise signature is
decreased. The reduction in noise is a function of the power
constraint and can reach 10 dBA.

6) The influence of stress constraints on the optimal design
depends strongly on the number of blades.

7) During flyover, the noise of a UAV varies as a function of the
location of the vehicle relative to the observer. The maximum SPLA
is obtained for a receding vehicle shortly after it passes the zenith
point. Nevertheless, optimization for a minimum noise at the zenith
point reduces the noise signature for most of the flyover case,
especially along the noisier parts of the path.

8) For most cases, as the performance constraint becomes more
strict (smaller power is allowed), the noise signature increases. Only
for an approaching vehicle at certain distances from the observer can
this trend be reversed.

9) The far-field loading noise presents the main contribution to the
propeller noise. The contributions of the thickness noise and near-
field loading noise are usually much smaller.

The results of the present paper emphasize the importance of a
multidisciplinary approach during the design of a quiet propeller. It is
important to address all the disciplines simultaneously along the
design process. Ignoring one of these disciplines may lead to an
impractical design.
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